Abstract. Let X be a smooth projective surface and ∆ is a normal crossing curve on X such that K X + ∆ is big. We show that the minimal possible volume of the pair (X, ∆) is if its (log) geometric genus is positive. Based on this, we establish a Noether type inequality for stable log surfaces, be they normal or non-normal. In the other direction, we show that, if the volume of (X, ∆) is less than 1 143 then X must be a rational surface and the connected components of ∆ are trees of smooth rational curves.
Introduction
The classical Noether inequality K 2 X ≥ 2p g (X) − 4 for smooth minimal surfaces X of general type can be understood as giving the minimal volume of surfaces of general type with prescribed geometric genus p g (X) := h 0 (X, K X ). Surfaces achieving the equality have been classified in [Hor76] and are nowadays called Horikawa surfaces.
The Noether inequality was then extended to log surfaces (X, ∆) of general type ( [Sak80, TZ92] ):
(0.1) vol(K X + ∆) ≥ p g (X, ∆) − 3 + 4 p g (X, ∆) + 1 , where p g (X, ∆) := h 0 (X, K X + ∆) is the geometric genus of the pair (X, ∆). An example was constructed to show that the inequality is indeed optimal for any given p g (X, ∆) ≥ 2 (see [TZ92, Example 1.8]). In fact, there is a characterization of those log surfaces achieving the equality in terms of the log canonical map induced by A log surface of general type is a pair (X, ∆) where X is a normal projective surface and ∆ is a reduced curve on X such that (X, ∆) has log canonical singularities and K X + ∆ is big (see Definition 1.7). By taking higher models one can assume that X is smooth, if needed. A projective log surface with reduced boundary can be viewed as a compactification of an open surface ( [Miy01] ).
The volume of a log surface (X, ∆) of general type is defined to be the volume vol(K X + ∆) of the log canonical divisor, which measures the asymptotic growth of the pluri-canonical linear systems:
To compute it, let π : (X, ∆) → (X can , ∆ can ) be the contraction to the log canonical model. Then π * (K Xcan + ∆ can ) is the positive part of K X + ∆ in the Zariski decomposition and vol(K X + ∆) = vol(K Xcan + ∆ can ) = (K Xcan + ∆ can )
2 .
The log canonical divisor K Xcan + ∆ can is not a Cartier divisor in general. Hence vol(K X + ∆), being positive and rational, is not necessarily an integer. The set V of volumes of log surfaces of general type even has accumulation points (see [Bla95] for an example). On the other hand, by a deep result of Alexeev [Ale94] , V satisfies the descending chain condition.
* In particular, there is a minimum for any subset of V. Alexeev and Mori [AM04] gave, among other things, an effective lower bound for V, which is however too small to be realistic. Up to now, the known record of small volume, which is 1 48983 , is retained by [AL16] . The Noether type inequality (0.1) of Tsunoda and Zhang gives the minimal volume of log surfaces of general type with given geometric genus at least two. The aim of this paper is to extend their result, obtaining the following Main Theorem. Let (X, ∆) be a smooth log surface of general type.
(i) If p g (X, ∆) > 0 then vol(K X + ∆) ≥ 1 143 and the equality can be achieved. (ii) If vol(K X + ∆) < 1 143 then X is a rational surface and the connected components of ∆ are trees of smooth rational curves.
The theorem is a consequence of Propositions 2.8, 2.9, 2.11 and Corollary 2.16. The surfaces achieving the minimal volume 1 143 are characterized in terms of the minimal resolution of their log canonical models, see Proposition 2.11, Examples 2.13 and 2.14.
We explain the idea of the proof. For smooth log surfaces (X, ∆) of general type with p g (X, ∆) ≥ 2 one can use the log canonical map, as is so done in [TZ92] . This is a process of taking the moving part of |K X + ∆|. For surfaces with p g (X, ∆) ≤ 1, there is no moving part of log canonical system. We take instead the semi-stable part C of the boundary curve ∆, so that the complement boundary curve E = ∆−C consists of smooth rational curves and the dual graph of E is a disjoint union of trees. Under the assumption that the Iitaka-Kodaira dimension κ(K X + C) is nonnegative, the minimal model program (MMP) for the log surface (X, C) contracts the (−1)-curves not intersecting C, yielding a smooth model (Y, C Y ) with
Roughly, the bulk of work is then to find an effective lower bound of the volumes of higher models over any given (Y, C Y + E Y ), that is an isomorphism over a neighborhood of C Y (cf. Lemma 2.6). There is a trichotomy depending on the value of κ(K Y + C Y ). The hardest case is when κ(K Y + C Y ) = 0. A key reduction step allows us to assume that C Y ∩ E Y = ∅, since otherwise the volume can be decreased (Proposition 2.4). Then the argument goes as if C Y were non-existent and κ(Y ) ≥ 0. The issue of bad singularities on E Y is resolved by observing that the log canonical divisor K X + C + E is no less than the pull-back of
where m is the maximal multiplicity of E Y at a point (Lemma 2.5). We are finally left with a handful of possibilities for E Y that can result in small volumes. Now a direct computation yields the smallest volume we are searching for (see the proof of Proposition 2.11).
Passing to the log canonical models, the inequalities for log surfaces of general type appearing so far can be viewed as Noether type inequalities for normal stable log surfaces. In general, a stable log surface can be non-normal. One has the sharp inequality (K X + ∆) 2 ≥ p g (X, ∆) − 2 for (possibly non-normal) Gorenstein stable log surfaces ( [LR16] ). A working hypothesis proposed in [LR16] was that (K X + ∆) 2 > p g (X, ∆) − 3 holds for any stable log surfaces. However, this turns out to be too optimistic, as we construct in this paper stable log surfaces satisfying (K X + ∆) 2 = 25 84 p g (X, ∆) with p g (X, ∆) taking any positive value (Example 3.2). Thus the geography region realized by general stable log surfaces is strictly larger than the region of the normal or Gorenstein stable log surfaces. In this regard, we provide the following Noether type inequality for stable log surfaces as a corollary of the Main Theorem.
Corollary (=Theorem 3.3). Let (X, ∆) be a stable log surface, possibly non-normal.
Convention and Notation. We work over the complex numbers.
• A Q-divisor on a normal projective surface is a Q-linear combination of integral Weil divisors.
• Let D and D ′ be two Q-divisors on be a normal projective surface. The notation 
• If we have a birational projective morphism f : X → Y between two normal surface, we always choose the canonical divisors K X and K Y in such a way that We refer to [Laz04] for the following basic properties of the volume of Q-divisors on a normal projective surface:
(i) The volumes of two numerically equivalent divisors are the same, hence one can talk about the volume of a numerical class. Definition 1.3. Let D be a Q-divisor on a normal projective surface. Then a Zariski decomposition of D is a decomposition D ≡ P + N such that (i) P is a nef divisor, that is, P C ≥ 0 for any curve C on X;
(ii) N is zero or a nonzero effective divisor whose intersection matrix is negative definite; (iii) P N i = 0 for each irreducible component N i of N . We call P the positive part of D and N the negative part. For later use, we observe more properties about the volumes of divisors on a surface. Lemma 1.5. Let D be a Q-divisors on a normal projective surface X.
(i) Suppose that D is big and 
Suppose on the contrary that vol(D) = vol(D − E). Then P ′ (P − P ′ ) = P (P − P ′ ) = 0. Since P and P ′ are big and nef, we have (P − P ′ ) 2 < 0 by the Hodge index theorem and it follows that
which is a contradiction.
(ii) From the assumption we infer that D ǫD ′ for a sufficiently small ǫ > 0.
be a Zariski decomposition with P being the positive part. Then, due to the property of the negative part in a Zariski decomposition,
and the equality holds if and only if N = 0.
(iv) The assertion follows from the fact that h 0 (X, ⌊mD⌋) ≤ h 0 (Y, ⌊mf * D⌋) for any positive integer m. Definition 1.6. Let D be a Q-Cartier Q-divisor on normal projective surface X, and r a positive integer such that rD is Cartier. If h 0 (X, O X (mrD)) = 0 for every m > 0 then we define the Iitaka-Kodaira dimension κ(D) = −∞; otherwise κ(D) is defined by the following condition:
Hence D is big if and only if κ(D) = 2. When X is smooth, κ(K X ) is usually denoted by κ(X) and is called the Kodaira dimension of X.
1.2. Log surfaces.
Definition 1.7. Let X be a demi-normal algebraic surface and ∆ ⊂ X a (possibly empty) reduced curve not containing any component of the non-normal locus of the surface. The pair (X, ∆) is called a log surface if K X + ∆ is Q-Cartier. A normal log surface (X, ∆) is said to be of general type if it has log canonical singularities and if K X + ∆ is big.
Remark 1.8. A more general version of log surfaces allows the boundary to have R-coefficients (cf. [Fuj12, Definition 3.1]). For the purpose of this paper, log surfaces with a reduced boundary curve suffice.
We will consider the following invariants of a normal projective log surface:
• the Iitaka-Kodaira dimension κ(K X + ∆),
• the geometric genus p g (X, ∆) := h 0 (X, K X + ∆), and • the volume vol(K X + ∆). Definition 1.9. Let (X, ∆) be a normal log surface. A higher model of (X, ∆) is a projective birational morphism ρ : (X,∆) → (X, ∆) from another normal log surface (X,∆) such that ρ * ∆ = ∆. Remark 1.10. For a higher model (X,∆) of a projective log surface (X, ∆) we have vol(KX +∆) ≤ vol(K X + ∆) by Lemma 1.5 (iv).
Let (X, ∆) be a log surface of general type. The graded ring R(X, K X + ∆) is finitely generated, and one can define X can = Proj R(X, K X + ∆). Here for a Qdivisor D on X the graded ring n H 0 (X, ⌊nD⌋) is denoted by R(X, D). Then X can is a normal projective surface and there is natural birational morphism π : X → X can . Writing ∆ can = π * ∆, one obtains the log canonical model (X can , ∆ can ) of (X, ∆), which has log canonical singularities and an ample log canonical divisor.
It is often convenient to take the minimal smooth model (X min , ∆ min ) of (X, ∆) as follows. Let f : X min → X can be the minimal resolution of singularities, so that one can write
The smooth log surface (X min , ∆ min ) has the same log canonical model as (X, ∆). Note that K min + ∆ min is not necessarily nef, but f * (K Xcan + ∆ can )G > 0 holds for any (−1)-curve G. Moreover, no connected component of ∆ min consists entirely of (−2)-curves. Definition 1.11. A smooth log surface of general type (X, ∆) is minimal if (X, ∆) = (X min , ∆ min ).
Remark 1.12. The minimality of Definition 1.11 is slightly more restrictive than that of [Miy01, Chapter 3] or [TZ92] in that, in our definition, connected components consisting entirely of (−2)-curves are excluded from the boundary curve ∆.
2. The volumes of log surfaces of general type 2.1. The semi-stable part of the boundary curve. Let (X, ∆) be a smooth log surface of general type. Let C be the maximal semistable subcurve of ∆, obtained by discarding successively the smooth rational components that intersects its complement curve in less than two points.
‡ We call C the semi-stable part of ∆. For each irreducible component
Cor. 1.6]). Every connected component of C has positive arithmetic genus, if C = ∅.
Write E = ∆ − C for the complement curve in the boundary. The curve E is a simple normal crossing curve with smooth rational components. Each connected component of E intersects C in at most one point and its dual graph is a tree. The positive part of K X + ∆ is of the form
Proof. By the choice of C the complement curve E is contained in the base locus of |K X + ∆|, and hence the natural embedding of vector spaces
. ‡ Recall that a curve is semistable if it has at most nodes as singularities and each of its smooth rational component intersects the complement subcurve in at least two points.
We have the following basic diagram:
where ρ : X → Y is a birational morphism to a smooth projective surface Y that is an isomorphism in a neighborhood of C and there are no (−1)-curves disjoint from C Y := ρ * C. The components of E Y := ρ * E are rational but can acquire bad singularities. The Iitaka-Kodaira dimension κ(K X + C) will be crucial for our argument.
for any positive integer m, and
Let (X min , ∆ min ) be the minimal smooth model of (X, ∆). Then we have a birational morphism µ : X → X min . One sees easily that C min = µ * C is the semistable part of ∆ min and κ(
For later use, we prove the following Proposition 2.2. Let (X, ∆) be a smooth log surface of general type and C ⊂ ∆ the semi-stable part of ∆. Then the following holds.
Proof. Suppose on the contrary that q(X) ≥ 1 and
Let α : X → A be the Albanese map of X. Since E = ∆ − C consists of rational curves, it is contracted by α. If dim α(X) = 1, then α is a fibration onto its image curve. By the classificiation of log surfaces with IitakaKodaira dimension ≤ 0 ([Sak80, Theorems 2.1 and 2.7]), we have (K X + C)F ≤ 0, where F is a fibre of α. On the other hand, since
If dim α(X) = 2 then X is birational to an abelian surface by the Enriques-Kodaira classification of surfaces.
In this case C = 0, so
Then one has the Iitaka fibration f : X → B induced by |l(K X + ∆)| for sufficiently large and divisible l. The fibre genus of f is 0 or 1. Since K X + C + E is big, E contains a horizontal component (with respect to the fibration f ) which is necessarily rational, so g(B) = 0. It follows that q(X) ≤ g(F ) + g(B) ≤ 1 which is a contradiction to the assumption.
(iii) If C = 0, then h 0 (C, K C ) > 0 because every connected component of C has positive arithmetic genus. Consider a portion of the long exact sequence associated to the short exact sequence 0
2.2. Decreasing the volume. In this subsection we provide criterions for decreasing the volume of a log surface of general type. The basic idea is to throw away certain components of the boundary curve (possibly on a higher model) not contained in the semi-stable part. Care should be taken to make sure that the newly obtained log surface with a smaller boundary curve still has a positive volume.
Lemma 2.3. Let (X, ∆) be a smooth log surface of general type. Let
(ii) Let µ :X → X be the blow-up at a point p and ∆X the strict transform of ∆. Then vol(KX + ∆X ) ≤ vol(K X + ∆) and the inequality is strict if and only if the multiplicity
The assertion follows from Lemma 1.5 (i).
(ii) The inequality vol(KX + ∆X ) ≤ vol(K X + ∆) has been mentioned in Remark 1.10. For the second statement, let G be the exceptional curve of µ. Then KX + ∆X + G ≥ µ * (K X + ∆) and the positive part of KX + ∆X + G is the Q-divisor
Then we can apply Lemma 1.5 (i) again:
On the other hand, if mult
We infer that
and hence vol(KX + ∆X ) = vol(K X + ∆).
Notation. Given a non-negative integer p g and κ ∈ {−∞, 0, 1, 2}, let X pg ,κ be the set of smooth log surfaces (X, ∆) of general type with p g (X, ∆) = p g and κ(K X + C) = κ, where C is the semistable part of ∆.
Proposition 2.4. Let (X, ∆) be a minimal smooth log surface of general type in X pg ,κ with κ ≥ 0. Let C the semistable part of ∆ and E = ∆ − C the complement curve. Let K X + C + b j E j (0 < b j ≤ 1) be the positive part of K X + ∆. If one of the following conditions is not satisfied:
(ii) the log canonical divisor K X + ∆ − E j is not big for any j, then there is a log surface in X pg ,κ with a smaller volume than (X, ∆).
Proof. (i) Suppose that p ∈ C ∩E = ∅. Since ∆ = C +E is a nodal curve, the curves C and E are smooth at p and intersect transversely there. Let φ (1) : X (1) → X be the blow-up of the point p ∈ C ∩ E. The exceptional curve of φ
(1) and the strict transform of C in X
(1) intersect transversely at one point. Let φ (2) : X (2) → X (1) be the blow-up at this intersection point. Inductively, suppose that φ (n−1) : X (n−1) → X (n−2) is constructed, which is a blow-up at a point on the strict transform of C. We let φ (n) : X (n) → X (n−1) be the blow-up of the intersection point of the exceptional curve of φ (n−1) and the strict transform of C in
resp. E X (n) , resp. G (n) k ) be the strict transform of C (resp. ∆, resp. E, resp. the exceptional curve of
with C X (n) and E X (n) attached is as follows:
where the numbers above the nodes are the negatives of the self-intersections of the corresponding curves.
Let
n and its positive part is
where E j0 be the irreducible component of E passing through p ∈ C ∩ E. Since
where the second inequality is by Lemma 1.5 (iii). Consequently, (X (n) , ∆ (n) ) lies in X pg ,κ but has a smaller volume than (X, ∆).
(ii) If K X + ∆ − E j is big then (X, ∆ − E j ) is a log surface of general type in X pg ,κ . By Lemma 2.3, vol(K X + ∆ − E j ) < vol(K X + ∆).
2.3. The minimal volumes in case κ(K X + C) ≥ 0. Let (X, ∆) be a smooth log surface of general type, C ⊂ ∆ the semi-stable part of ∆ and E = ∆ − C the complement boundary curve. In this subsection, we assume that κ(K X + C) ≥ 0.
As in Section 2.1, there is a birational morphism ρ : X → Y onto another smooth projective surface Y whose exceptional locus does intersect C.
By the abundance for log surfaces, one has K Y + C Y 0. On the other hand, given a smooth log surface (Y, C Y + E Y ) as above, we set out in this subsection to find an effective lower bound of the volumes of higher models
The following useful lemma gives a first lower bound of the log canonical divisor of a higher model. Lemma 2.5. Let ρ : X → Y a birational morphism between two smooth projective surfaces. Let E Y be a reduced curve on Y and m = max p mult p (E Y ) the maximal multiplicity of E Y at a point. Then
Proof. We write ρ : X → Y as the composition ρ n • ρ n−1 • · · · ρ 1 of blow-ups, and let E i ⊂ X be the total transform of the exceptional curve of
Now we identify the higher models over a given smooth log surface (Y,
Lemma 2.6. Let Y be a smooth projective surface. Let C Y be a normal crossing curve and E Y a reduced curve on Y such that κ(K Y + C Y ) ≥ 0 and κ(K Y + C Y + E Y ) = 2. Let X (Y,CY +EY ) be the set of smooth log surfaces (X, C + E) with a birational morphism ρ : X → Y such that • ρ * C = C Y , ρ * E = E Y and C + E is a normal crossing curve; • ρ is an isomorphism over a neighborhood of C Y . Then the following holds.
(i) Any log surface (X, C + E) ∈ X (Y,CY +EY ) is of general type.
(ii) Let ρ :X → Y be the minimal embedded resolution of singularities of E Y and EX ⊂X the strict transform of E Y . Then (X, CX + EX ) achieves the minimal volume among the log surfaces in X (Y,CY +EY ) . (iii) All log surfaces (X, C +E) in X (Y,CY +EY ) achieving the minimal volume have the same log canonical model.
Proof. (i) Let (X, C + E) ∈ X (Y,CY +EY ) with ρ : X → Y being the given birational morphism. Let m be the maximal multiplicity of E Y at a point. Then by Lemma 2.5
where for the last inequality we use the fact that
(ii) Let (X, C + E) is any log surface in X (Y,CY +EY ) . We can find a log surface (X, CX + EX ) ∈ X (Y,CY +EY ) resolving the indeterminacy of the birational map X X, with CX and EX being the strict transform of C Y and E Y respectively:
One has KX + CX + EX ≥μ * (KX + CX + EX ) by Lemma 2.5. On the other hand, µ * (KX + CX + EX ) = KX + CX + EX and µ * (KX + CX + EX ) ≤ K X + C X + E X . It follows by Lemma 1.5 (iv) that
(iii) Suppose that (X, C + E) in X (Y,CY +EY ) achieves the minimal volume. Then we have vol(K X + C + E) = vol(KX + CX + EX ) = vol(KX +C +Ẽ) where (X, CX + EX ) and (X, CX + EX ) are as in the proof of (ii).
Let P K X + C + E andP KX + CX + EX be the positive parts. One checks that µ * P K X +C+E is a nef divisor, and consequently µ * P P (cf. Remark 1.4). For any exceptional curve G of µ, we have (µ * (P ) −P )G = −P G ≤ 0. By the negativity of the exceptional locus Exc(µ) and by the fact that µ * P P , one sees thatP µ * (P ). Now the equalities vol(μ * (P )) = vol(KX + CX + EX ) = vol(KX + CX + EX ) = vol(P ) imply that µ * (P ) ≡P by Lemma 1.5 (i). It follows that the (X, C + E) and (X, CX + EX ) have the same log canonical model:
Similarly, one can prove that (X, CX + EX ) and (X, CX + EX ) have the same log canonical model. Thus, all log surfaces in X (Y,CY +EY ) achieving the minimal volume have the same log canonical model as (X, CX + EX ).
Corollary 2.7. Let (X, ∆) be a smooth log surface of general type in X pg ,κ with κ ≥ 0. Let C the semistable part of ∆ and E = ∆ − C the complement curve. Assume that (X, ∆) achieves the minimal volume among the log surfaces in X pg ,κ . Then E is contracted by the morphism π : (X, ∆) → (X can , ∆ can ) to the log canonical model.
Proof. Without loss of generality, we can assume that (X, ∆) is a minimal smooth log surface of general type. Since (X, ∆) achieves the minimal volume among the log surfaces in X pg ,κ , one has C ∩ E = ∅ by Proposition 2.4. The curve E is a simple normal crossing curve with smooth rational components. LetX → X be the simultaneous blow-up of the nodes of E. Let ∆X and EX be the strict transform of ∆ and E inX respectively. Then by Lemma 2.6 the log surface (X, ∆X ) is of general type and has the same log canonical model as (X, ∆). Since EX is a disjoint union of smooth rational cuves, one sees easily that it is contracted by the morphism onto the log canonical model. It follows that E is also contracted by the morphism onto the (same) log canonical model.
The following Propositions 2.8, 2.9 and 2.11 yield the minimal volume we are searching for.
Proposition 2.8. Let (X, ∆) be a minimal smooth log surface of general type in X pg ,2 . Then vol(K X + ∆) ≥ max{1, p g − 2}.
Proof. By definition of the set X pg ,2 we have p g (X, ∆) = p g and κ(K X + C) = 2, where C is the semi-stable part of ∆. We can assume that the conditions (i) and (ii) of Proposition 2.4 are satisfied by (X, ∆). Since K X + C is already big, C = ∆ by Proposition 2.4 (ii). Then by [Sak80, Theorems 6.1 and 6.5]
Moreover, vol(K X + ∆) = (K X + C) 2 ≥ 1 holds, since K X + C is a big and nef Cartier divisor.
Proposition 2.9. Let (X, ∆) be a minimal smooth log surface of general type in
Proof. We can assume that (X, ∆) satisfies the conditions (i) and (ii) of Proposition 2.4. Let C be the semi-stable part of ∆. Then, since κ(K X + C) = 1 by assumption, there is the Iitaka fibration f : X → B induced by |l(K X + C)| for sufficiently large and divisible l. A general fibre F of f has genus g(F ) ≤ 1 and K X + C is vertical with respect to the fibration.
Since the divisor K X +C +E is big, there is a horizontal component E 0 of E with respect to the fibration f . Let r i F i be the multiple fibres of f and r = l.c.m.(r i ). Then K X + C 1 r F . For a sufficiently small positive number ǫ,
is positive. The log canonical divisor K X + C + E 0 1 r F + ǫE 0 is thus big. By Propoition 2.4 (ii), E = E 0 . Also, since E is a horizontal rational curve, the base B of the Iitaka fibration must be a smooth rational curve.
Let ρ : X → Y be the birational morphism onto a smooth projective surface Y , blowing down all the curves intersecting K X + C negatively (see Section 2.1). It can be written as the composition ρ n • · · · ρ 1 of blow-ups at points. Let C Y = ρ * C and E Y = ρ * E. Let E j be the total transforms of the exceptional (−1)-curves of ρ i (1 ≤ i ≤ n), so that
where the m j 's are the multiplicities of the strict transforms of E at the blown-up points of the ρ j 's. Since (X, ∆) is a minimal smooth log surface of general type, the ρ j 's blow up only singular points of the strict transforms of E and hence m i ≥ 2 for all 1 ≤ i ≤ n. We compute
where the second equality is because C Y and E Y do not intersect. Then (K X + C)E = K X E = m + j m j , and by the adjunction formula
One sees easily that the positive part of K X + C + E is K X + C + m+ 1≤j≤n mj 2+m+ 1≤j≤n mj E, and
≥ 1 3 where the equality case is achieved if and only if m = 1, n = 0.
If 
where equalities hold if and only if r = 1 and n = 0.
Remark 2.10. The inequality (0.1) of Tsunoda and Zhang can be obtained as a consequence of Propositions 2.8 and 2.9, since p g (X, ∆) ≥ 2 implies that p g (X, C) ≥ 2 and hence κ(K X + C) ≥ 1. The proof of Proposition 2.9 gives also a different characterization of the equality case of (0.1): one has X = Y , E is a section of f : X → B not intersecting C, and
Proposition 2.11. Let (X, ∆) be a minimal smooth log surface of general type in X pg ,0 . Then
and equality is attained if and only if (X, ∆) has the following properties: (i) the seme-stable part C of ∆ and its complement curve E = ∆−C are disjoint.
(ii) there is exactly one (−1)-curve, say G, not intersecting C, and the dual graph of E + G is where the two white bullets adjacent to G represent (−3)-curves and all the other white bullets are (−2)-curves.
Proof. We can assume that the conditions (i) and (ii) in Proposition 2.4 are satisfied by (X, ∆). Let ρ : (X, C) → (Y, C Y ) be the birational morphism contracting (−1)-curves not intersecting C, so that
Step 0. We claim that E Y is connected. Otherwise, write
By Lemma 2.5, if the maximal multiplicity of E Y at a point is m, then
and hence vol(
where the second inequality is because of Lemma 1.5 (iii). Now suppose that the maximal multiplicity of E at a point is m ≥ 4. Let p ∈ E Y be a point of multiplicity m andỸ → Y the blow up of p. Let EỸ be the strict transform of E Y . Then EỸ has at most m connected components, and we have
It follows that
, where the first inequality is by Lemma 1.5 (iii), so
Step 2. Now assume that p a (E Y ) ≤ 1. Then E Y contains the reduced part, say E ′ Y , of an elliptic fibre as in Kodaira's table ( [BHPV] ), and we can write
There are only a few possibilities. Using Lemma 2.6, we compute directly in the third column of Table 1 Dual graph of
Here in the dual graphs
• the white bullets denote the components of E Y , EX and E;
• the white bullets without any labels in brackets are (−2)-curves;
• the numbers in the brackets are the negatives of the self-intersections;
• the fractional numbers are the coefficients appearing in the positive part of the respective log canonical divisors; • the black bullets denote (−1)-curves.
The net effect of (X, C + E) → (Y, C Y + E Y ) is a blow-up of a node of E Y as shown in the above diagram. Let G be the exceptional curve of this blow-up. A direct computation shows that the positive part of K X + C + E is K X + C + j b j E j = G + j b j E j with the coefficients b j as labelled in the above diagram, and
Remark 2.12.
(i) Suppose Y is a smooth projective surface with the following configuration of (−2)-curves:
Then Y must have trivial algebraic fundamental group, otherwise such a configuration pulls back to a disjoint two such configurations on a nontriviaĺ etale cover, resulting in a contradiction to the Hodge Index Theorem. On sees easily that κ(Y ) ≤ 0. By the Enriques-Kodaira classification of surfaces, Y is birationally a K3 surface or a rational surface, which is indeed simply connected.
(ii) Suppose a minimal smooth log surface (X, ∆) ∈ X pg ,0 has vol(K X + ∆) = 1 143 . Then ∆ = C + E satisfies C ∩ E = ∅. The semi-stable part C is contracted by the morphism π : (X, ∆) → (X can , ∆ can ) onto the log canonical model because π * (K Xcan + ∆ Xcan )C = (K X + C)C = 0. By Corollary 2.7 the complement boundary curve E is also contracted by π. It follows that ∆ can = π * ∆ = 0. Moreover, the geometric genus is
The following examples show that the minimal volume Example 2.13. Let Y be a K3 surface with E Y being the following configuration of (−2)-curves (see [Sch06] for the existence of such a K3 surface):
In this case, C Y = 0.
Example 2.14. Let C P 2 be a cubic curve on P 2 with at most nodes as singularities and L a line intersecting C P 2 transversely at 3 points. We blow up the intersection points C P 2 ∩ L P 2 successively to arrive at the following configuration of curves
where C Y and L Y are the strict transforms of C P 2 and L respectively, the white bullets denote (−2)-curves and the black bullets denote (−1)-curves. We take E Y to be sum of the curves corresonding to the white bullets. Proof. By Corollary 2.15, if vol(K X + ∆) < 1 143 then the irregularity q(X) = 0 and κ(X) = −∞. Hence X must be a rational surface. Moreover, the semi-stable part of ∆ is empty, which means that the connected components of ∆ are trees of smooth rational curves.
A Noether type inequality for stable log surfaces
Originally introduced by [KSB88] to compactify the moduli spaces of surfaces of general type, stable surfaces form now an important class of objects in surface theory. By definition a stable surface is a projective surface with semi-log-canonical singularities whose canonical class is ample. Stable surfaces with a (possibly empty) reduced boundary will be called stable log surfaces.
We study in this section the geography of stable log surfaces. For a stable log surface (X, ∆), the inequality (K X + ∆) 2 > p g (X, ∆) − 3 holds if (X, ∆) is either normal or Gorenstein (see [TZ92, LR16] ). By Example 3.2 this is not true for general stable log surfaces. To remedy the situation, we prove a Noether type inequality holding for all stable log surfaces, see Theorem 3.3. We need to take a closer look at non-normal stable log surfaces. Let (X, ∆) be a non-normal stable log surface and µ :X → X the normalization. Let∆ ⊂X be the strict transform of ∆ andD ⊂X the conductor divisor, which is a reduced curve onX. Letn :D n →D and n : D n → D be the normalizations. Then the generically two-to-one mapD → D induces a double coverD n → D n , which in turn induces an involution τ onD n such that D n =D n /τ . The surface (X, ∆) can be viewed as glued from (X,∆) via the involution τ :
Theorem 3.1 ([Kol13], Theorem 5.13). Let (X,D+∆) be a projective log canonical surface such that the boundary curveD +∆ is reduced. LetD n be the normalization ofD and τ an involution ofD n such that the different DiffDn (∆) is τ -invariant. Suppose that KX +D +∆ is ample. Then (X,D +∆) is the normalization of a stable log surface (X, ∆) such thatD ⊂X is the conductor divisor and∆ is the strict transform of ∆.
The normal surfaceX is often not connected. We can writeX = ∪ 1≤i≤nXi as the (disjoint) union of its irreducible components. Let∆ i (resp.D i ) be the part of∆ (resp.D) onX i . Then (X i ,∆ i +D i ) are all connected normal stable log surfaces and the volume of (X, ∆) is the sum of the volumes of the components (X i ,∆ i +D i ):
The computation of the geometric genus of a non-normal stable log surface is more subtle. First of all, there is a natural inclusion obtained by pulling back the sections restricted to the Gorenstein locus of (X, ∆) and then extending to global sections of KX +∆ +D: (3.2) µ * : H 0 (X, K X + ∆) ֒→ H 0 (X, KX +∆ +D).
In fact, the image of this map consists of sections whose restriction toD n is τ -antiinvariant. Hence there is a short exact sequence In this case all of the global sections of KX +∆ +D descend to sections of K X + ∆. Now we construct stable log surfaces with (K X + ∆) 2 = 25 84 p g (X, ∆) where p g (X, ∆) can take any positive integer.
Example 3.2. We start with a cubic curve C P 2 and three lines L 1 , L 2 , L 3 on P 2 such that L 1 + L 2 + L 3 + C P 2 has only nodes except that L 1 , L 2 and C P 2 have a common point which is an ordinary triple point. Let ρ : X → P 2 be a composition of blow-ups at the singularities of L 1 + L 2 + L 3 + C P 2 as well as their infinitely near points on L 3 and C, such that ρ −1 (L 1 + L 2 + L 3 + C P 2 ) is a simple normal crossing curve with dual graph as follows:
Here the curves L i,X (1 ≤ i ≤ 3) and C are the strict transform of L i and C P 2 respectively; the white bullets in the left dual graph without labels in brackets denote (−2)-curves and the black bullets denote (−1)-curves. Note that L 3,X is a smooth rational curve with self-intersection L 2 3,X = −16 while L 1,X and L 2,X are both (−2)-curves.
Let ∆ ⊂ X be the subcurve of ρ −1 (C P 2 + L 1 + L 2 + L 3 ) consisting of the components not corresponding to the black bullets in the dual graph. Then the semi-stable part of ∆ is C and, as before, we set E = ∆ − C.
Since K P 2 + C P 2 = 0,
, with multiplicity 7 on the (−1)-curves G 1 and G 2 . Note that E is big, and hence K X + ∆ = K X + C + E ≥ E is also big. One computes that the positive part of K X + ∆ is K X + C + b j E j , where the coefficients b j are as indicated in the dual graph above. The volume of K X + ∆ is then vol(K X + ∆) = (K X + C + b j E j ) 2 = (K X + C + b j E j )(7G 1 + 7G 2 + L 1,X + L 2,X ) = 25 84 .
One sees easily that p g (X, ∆) = p g (X, C) = 1, and H 0 (X, 
If the starting L 1,Y and the ending L 2,Y are furthermore glued, so the n copies of Y form a circle, then the resulting non-normal stable log surface (X, ∆) has ∆ = 0 and the irregularity is q(X) = 1. If the starting L 1,Y with ending L 2,Y are left as they are, then the boundary curve of the resulting stable log surface (X, ∆) has two components and q(X) = 0. In both cases one has by (3.1) and (3.3)
